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Abstract 



We studied the eigenvalue problem of scalar fields in the (2+l)-dimensional BTZ 
black hole spacetime. The Dirichlet boundary condition at infinity and the Dirichlet or 
■ the Neumann boundary condition at the horizon are imposed. Eigenvalues for normal 

modes are characterized by the principal quantum number (0 < n) and the azimuthal 
quantum number (— oo < m < oo). Effects to eigenvalues of the black hole rotation 
and of the scalar field mass are studied explicitly. Relation of the black hole rotation 
£T) . to the super-radiant instability is discussed. 

o 

OO 

^ : 1 Introduction 

> ■ 

Black hole physics is making progress theoretically and observationally. Especially in- 
teractions among black holes and matter fields are important in the scattering problem, 
in the quasi-normal modes, in the black hole thermodynamics and in others [2]. As 
to black hole thermodynamics, black holes are considered as thermal objects with the 
special temperature and the entropy [31I31[5]. The microscopic derivation of black hole 
thermodynamics is desirable to make clear the black hole dynamics. Many attempts 
from the string theory, from the conformal field theory, from the brick wall model and 
from others have been done. Among them, the brick wall model by 't Hooft is the 
standard method of statistical mechanics to derive the black hole thermodynamics [6]. 
The attempts for non-rotating black holes are successful but the attempts for rotating 
black holes are problematic because of the super-radiance instability EJ [9] . In order 
to solve the super-radiance problems clearly, the exact analysis is required. 
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The (2+l)-dimensional anti-de Sitter spacetime is important, because it has exact 
rotating black hole solution by Banados, Teitelboim and Zaenlli [10]. The qusinormal 
modes in the BTZ black hole spacetime are found analytically [111 [P2] . The conformal 
filed theory approach to the BTZ black hole model has been done in the classical 
mechanics and in the quantum mechanics \13\ H"4"l H~5l [T6] . The brick wall model in the 
BTZ spacetime was studied extensively but there were the problem of divergence in 
taking the statistical sum due to the super-radiance instability [T7 ] \18 \ [19 \ [20] . 

As a related topics, normal modes for the anti-de Sitter spacetime were studied 
in the framework of the gravitational perturbation |21j by using the gauge invariant 
formalism \22\ [23] in any dimension but the effect of the black hole rotation was not 
considered. 

The purpose of this paper is to construct quantum states of matter fields explicitly 
in the rotating black hole spacetime, which will give the basic microscopic states for 
the black hole thermodynamics. Our model is the scalar field model in the (2+1)- 
dimensional BTZ black hole spacetime, which will provide the exact analysis to make 
clear the effect of the black hole rotation to eigenvalues of normal modes. We im- 
pose the Dirichlet boundary condition at infinity and the Dirichlet or the Neumann 
boundary condition at the horizon to get eigenvalues and eigenfunctions explicitly. 

This paper plays the complementary role to our previous work on the general 
analysis about normal mode [24] . 

The organization of this paper is the following. In section 2, notations and defi- 
nitions of the BTZ black hole and the equation of scalar fields in this spacetime are 
explained. In section 3, the boundary conditions are imposed and eigenvalue equations 
for scalar fields are derived. In section 4, eigenvalue equations are solved numerically 
and obtain eigenvalues and eigenfunctions explicitly. Results are summarized in the 
final section. 



In this section, we prepare definitions and notations for following main sections. We 
take the natural unit h = c = 1 and the gravitational constant G = 1/8 throughout 
this paper. 

For the negative cosmological constant (A = —l/£ 2 ) in the (2+l)-dimension, the 
exact black hole metric is obtained by Banados, Teitelboim and Zanelli (BTZ) [10] : 

ds 2 = g tt dt 2 + g^dcj) 2 + 2g t(j> dtd(p + g„dr 2 , 



where M and J are the mass and the angular momentum of the black hole respectively. 
Outer and inner horizon are defined by: 



2 Scalar fields in the BTZ spacetime 
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The event horizon is outer horizon r + . The action of the complex scalar field 
with mass [i is 



' scalar 



j dtdrd<t>^f=g (a^d^*{x)d v ^{x) + ^$*(x)$(x)^) . (2) 



The scalar field is written in the form of separation of variables <1> = e~ lujtJrim ^ R(r) 
with the frequency uj and the azimuthal angular momentum m. Then the equation for 
the radial wave function R(z) is obtained : 

\9rr{u - ^mf - ^ + \d r j-d r - £j R(r) = , (3) 

with the boundary condition: 

yf^gg" (5R(r)*d r R(r) + d r R(r)*SR(r)) | boundary = , (4) 

where 5R is the variation of R. Introducing the new radial variable z and the new 
radial function F(z) as 



y»2 



F(z) = z w (l - z)-PR(z) , (5) 



the hypergeometric differential equation is obtained : 

d 2 F dF 
z(l-z)— T + (c-(l + a + b)z) — -abF = 0. (6) 
az z az 

The parameters a, b, c are defined : 

I 2 ( m\ £ 2 ( m\ 



2(r* -r 2 .)' 



a= n , 2 + 2 , (^-M , /? = V— ^, (8) 



where Oh = J/2r 2 _ is the angular velocity at the horizon. The general solution of 
the hypergeometric differential equation is expressed by a linear combination of two 
independent solutions at the horizon or at infinity. 



3 The eigenvalue problem of the scalar field 

In this section, we set up the boundary conditions at infinity and at the horizon in 
order to satisfy Eq.Q to obtain eigenvalues and eigenfunctions for the scalar fields. 

First we impose the Dirichlet boundary condition at infinity because BTZ solution 
is asymptotic AdS spacetime: 

z -ia(l _ z )P(l — z )c-a-b 

Roo = ^7 ' V r , ' F(c- a,c- b,c- a- b + 1; 1 - z) . (9) 

I (c — a — + 1) 
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Near horizon, this solution is also expressed as incoming and outgoing waves to the 
black hole as: 



r(i - c) 



-R r 



+ 



T(c-l) 



-R r 



(10) 



r(l - a)r(l - &r" r+ ' m ^ T(c-a)T(c-b) r+ '° ut ' 
where the ingoing and outgoing waves are defined by the hypergeometric function as 

R r+ ; m = z- ia (l-zfF(a,b,c;z) , 

z ia (l - zfF{l + b-c,l + a-c,2-c-z) . (11) 



R 



r+,out 

Note that they are complex conjugate for each other for real value of co. Their approx- 
imate expression near the horizon is 



R 



r +i m 



~ exp (— i{uj — VLnm)r* — iao(u>)) 
Rr + ,ont ~ exp (i(u - H m)r* + ia (uj)) , 

where the tortoise coordinate 



drg r 



2{r\-r 2 _) 



r_i_ In 



r _ r 



r + Tj 



r_ In 



r — r_ 



r + r_ 



and the phase function 



,2 ' 



(12) 



(13) 



(14) 



are introduced. 

Next we impose the Dirichlet or the Neumann boundary condition at the horizon 
to obtain eigenvalue equations: 

(i) The Dirichlet boundary condition at the horizon: 
The radial wave function is required to satisfy 



r(i-c) 



-R r 



+ 



r( c -i) 



-R r 



r(l - a)T(l - by Lr+ ' m ^ r(c - a)T(c - b) ^ r+ ' out 
which leads the eigenvalue equation: 







{lj - n H m)r* iH + a (uj) + /3 (u) 



7r n + 



1 



for n = 0, 1, 2, • 



(15) 



(16) 



(ii) The Neumann boundary condition at the horizon: 
The radial wave function is required to satisfy 



r(i - c) 



-R r 



r(c-i) 



-Rr, 



r(i - o)r(i - b) r+ ' m r( c - a)r( c - b) 

which leads the eigenvalue equation: 

{uj — llHmjr^H + ao(u) + Po(u) = — im for n = 0,1,2,' 



, (17) 



(18) 
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In above equations, the phase function (3q(uj) is introduced: 



/?0(W) = arg ( r(c-a)r(e-6) ) ' 



(19) 



and the tortoise coordinate at the horizon r^H is expressed as 



^H^ 2(r ,_ a (r + ln— - 




) 



(20) 



with the small regularization parameter e. This regularization parameter plays the 
same role as that in the brick wall model [6]. Each quantum state is specified by the 
principal quantum number n and the azimuthal quantum number m. The eigenfunc- 
tion Roo in Eq.Q is determined by the boundary condition and then all eigenvalues 
and eigenfunctions are determined. 



4 The numerical result for the eigenvalue and 
the eigenfunction 



In this section, the numerical result for eigenvalues and eigenfunctions are shown. Here 
we show the square of absolute value of the eigenfunction at the horizon with respect 
to the frequency u> in FigfTJ In the numerical calculation, we set the parameter value 
for the black hole mass, angular momentum, the scalar mass and the cosmological 
parameter as 



In Fig(U the zeros of correspond to eigenvalues of the normal mode uj for the 
Dirichlet boundary condition at the horizon. Eigenvalues for the Neumann boundary 
condition at the horizon are between those for the Dirichlet boundary condition. 

4.1 The Dirichlet boundary condition at the horizon 

We study the eigenvalue map with the eigenvalue points in (m, u) plane for the Dirich- 
let boundary condition at the horizon. 

4.1.1 The eigenvalue of no black hole rotation 

In the case of no black hole rotation J = 0, the eigenvalue points uj n for each fixed 
n is shown in Figj2j Parameters are those of Eq. (|2ip . In the map, each eigenvalue 
point (u> n ,n = 0, 1, . . .) forms a convex curve with respect to the horizontal line. In 
this J = case, the eigenvalue equation Eq. (|16|) is invariant under the transformation 
uj — > uj, m — > —m , which means that the eigenvalue u> n is the even function of m. This 
is the origin of the convexity of the curve in J = case. 



M = 1, J = 0, n = 0, 1 = 1 . 
Throughout this numerical study, we set the regularization parameter as 



(21) 




(22) 
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Figure 1: Square of eigenfunction at the horizon with respect to u 



Cm— OJ) map : J=0, M=1 , 2=1 
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Figure 2: The eigenvalue map of no rotation for the Dirichlet B.C. 



4.1.2 The scalar mass effect 

For the Dirichlet boundary condition, the scalar field mass effect (li 7^ 0) is studied in 
Figj3]with parameter values 

M = 1, J = 0, £ = 1, li = 1 . (23) 

We see from the map that the effect of the scalar mass term is to uniformly shift each 
eigenvalue to the larger value and the qualitative feature is similar to the massless case 

Gu = 0). 

4.1.3 The rotation effect of the black hole 

Next, for the Dirichlet boundary condition, we study the rotation effect of the black 
hole to the eigenvalue (m, uj) with parameters 

M = 1, J = 0.2, [i = 0, 1=1 . (24) 

We can see in Fig. [J] that points of eigenvalues (m, to) rotate corresponding to the 
angler velocity fin in case of J = 0.2 compared with the case of J = (See Fig. [2]). 
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(m — Ui) Map : J = 0, jU=1,M = 1.fl=1 
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Figure 3: The scalar mass effect ( \i — 1) of no rotation 
The zero mode line, which is defined: 



(m-w) Map : J=0.2 M=l, B=1 
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Figure 4: Rotation effect of black hole for Dirichlet B.C. 



lo — = with — oo < m < oo , 



(25) 



is also shown in FigUJ We notice that all points of eigenvalues lie in the physical region 
< uj — VL-ftm. 

4.2 The Neumann boundary condition at the horizon 

For the Neumann boundary condition at horizon, we study the eigenvalue map with 
eigenvalue points in (m,u>) plane. 

4.2.1 The eigenvalue of no black hole rotation 

In case of no black hole rotation, the eigenvalue points u> n for each fixed n is shown 
in Figj5] with same parameter values as those in Eq.(F7|). For the Neumann bound- 
ary condition, each eigenvalue with fixed principal quantum number n and azimuthal 
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quantum number m in Fig|5] exist between the corresponding value of that for the 
Dirichlet boundary condition (See Figj2|). We see that the ground state eigenvalues 
ujq of n = for the Neumann boundary condition is lower than that for the Dirichlet 
boundary condition because it has no node. 
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Figure 5: The eigenvalue map of no rotation for the Neumann B.C. 



4.2.2 The rotation effect of the black hole 

For the Neumann boundary condition, we study the rotation effect of the black hole 
to points of eigenvalues (m, uS) with parameter values 

M = l, J = 0.2, fi = 0, £= 1 . (26) 

We can see from the Figl6]that points of eigenvalues (m, u) rotate corresponding to the 
angler velocity fin in case of J = 0.2 compared with no black hole rotation case in Figj5] 
as in the case of the Dirichlet boundary condition. The zero mode line separate all the 



(m-w) Map : J=0.2, M=1, 11=1 
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Figure 6: Rotation effect of black hole for the Neumann B.C. 
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eigenvalue region into two parts: one is the allowed physical region < u — Vt}±m with 
— oo < m < oo and another is the unphysical region > lo — £l}im with —oo < m < oo. 

5 Summary and discussion 

We have studied the eigenvalue problem of scalar fields in the BTZ black hole space- 
time. We imposed the Dirichlet boundary condition at infinity and the Dirichlet or 
the Neumann boundary condition at the horizon and found the explicit form of eigen- 
functions and eigenvalues. The main results are summarized in the following. 

(i) Eigenvalue equations in Eq. (|16p and Eq. (|18|) are derived. Eigenvalues for normal 
modes u> are characterized by the principal quantum number n (n = 0, 1, 2, . . .) 
and the azimuthal quantum number m ( — oo, . . . , —1,0, 1,2,... oo). The eigen- 
function i?oo in Eq. ([9]) is determined with boundary condition and all eigenvalues 
and eigenfunctions are determined. 

(ii) The set of eigenvalues (uj,m) forms a convex curves in (u,m) plane for fixed n. 
For the Dirichlet boundary condition, we showed the convexity property of no 
black hole rotation, but this convexity property holds for other cases too. 

(iii) The scalar mass effect is to uniformly shift each eigenvalue to the larger value 
but the qualitative feature is similar to the massless case (fi = 0). 

(iv) Points of eigenvalues (w, m) rotate corresponding to the angular velocity Oh f° r 
both the Dirichlet and the Neumann boundary conditions. Then the allowed 
physical eigenvalue region of < uj for J = becomes < to — iln m for J > 0. 
This result indicates that the super-radiant instability [TTJ [181 (13 [2D] doesn't 
occur in the (2+l)-dimensional BTZ black hole spacetime. 

The explicit construction of eigenvalues and eigenfunctions studied in this paper 
plays the complimentary role with the general consideration of our previous paper [24] . 
Our method will be extend to the (3+l)-dimensional and more higher dimensional 
cases [25] . 
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